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Schrodinger and Dirac Quantum Random Walks

Stanley Gudder"

Received December 20, 1991

Quantum random walks, whose amplitude evolutions are given by generalizations
of discrete versions of Schrodinger and Dirac equations, are constructed. The
results are given in three dimensions and it is shown that they cannot be reduced
to stochastically independent one-dimensional motions. Properties of these guan-
tum random walks are analyzed and expressions for their characteristic functions
and free propagators are derived.

1. INTRODUCTION

It is well known that Brownian motion is associated with the diffusion
and heat equations. Since Brownian motion is a limit of random walks, a
random walk is associated with discrete versions of these equations. One
might ask whether an analogous situation occurs for the Schrédinger and
Dirac equations. Nakamura (1991) has recently shown that there exists a
quantum stochastic process whose associated evolution is given by the free
one-dimensional Schrédinger equation. Moreover, he proved an analogous
result for the one-dimensional Dirac equation.

In the present work, we consider generalizations of discrete versions
of the three-dimensional Schrodinger and Dirac equations and construct
quantum random walks whose amplitude evolutions are given by these equa-
tions. We analyze the properties of these quantum random walks and derive
expressions for their characteristic functions and free propagators. For
other approaches to those problems we refer the reader to the references in
Nakamura (1991). For a general discussion of quantum stochastic pro-
cesses, the reader may want to consult Gudder and Schindler (1991, 1992)
and Marbeau and Gudder (1989, 1990).
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2. SCHRODINGER RANDOM WALKS

Let a be a positive real number, N a positive integer, and é=1/N. We
define the finite discrete timeline T by

T={0, 8,28,...,N28}={O,'1—,£,...,N}
NN

and the discrete space lattice
a 172
3= (ag ‘/ZZ3=(——) 73
Q =(ag) N

We now construct a quantum random walk on the spacetime lattice L=
T'x Q°. The sample space Q is given by

Q=[({1,2,3} x{-1,1})u{0}]"

For teT, weQ, if w()#0, we write o(f)=(0'(), ®’(f)), where
o'(He{l,2,3} and @*(He{-1,1}. For r=1,2,3, we define X": TxQ - Q
by

k—1
X'(ke, 0)=(ag)'”? ¥ {0*(je): 0(j&) #0, 0'(j&)=r}
=0
if k#0 and X"(0, ®) =0. Finally, we define the random walk X: Tx Q - Q°
by

X(ke, 0)=(X"(ks, ©), X*(ks, 0), X *(ke, 0))

The random walk X has the following physical interpretation. At each
time step e T, toss a seven-sided die whose faces are labeled by the elements
of the set

S=({1,2,3} x{~1,1}) u {0}

A particle begins at the origin at time ¢=0. If the toss at time ¢ results in 0,
the particle pauses (does not change position); if the toss results in (r, £1),
the particle moves +(ag)'/? units in the x” direction, r=1, 2, 3. In the sequel,
we shall need the notation |4| for the cardinality of a set A.

Until now we could just as well be describing a classical random walk
since we have not yet placed a measure on Q. In order to describe a quantum
random walk, we define an amplitude function on  instead of a probability
measure. Let ¢;,j=0, . . ., 6, be complex numbers satisfying Zj: o @;=1and
let f':S — C be defined by f'(0)= a0, f((j, D) =a;, [((j, =D))=j+3, /=
1, 2, 3. Define the amplitude function .3 — C by

f(@)=fToN*]f [o((N*~1)e)] - - fla(e)]f [w(0)]
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It follows by induction that for any distinct ¢, . .., r,eeT we have

Y Slore)]: - flo(re)l=1 2.1)

For a set A=Q, we define the amplitude f(A) of A by f(A)=),,_, f(®).
Applying (2.1) gives f(€)=1. Moreover, it is clear that f:2%—C is an
additive complex measure.

The map X: T x Q- Q° describes a quantum particle with initial posi-
tion 0. For ye Q°, the map y+X:TxQ - Q° defined by

(y+X)(t, 0)=y+X(t, @)

describes a quantum particle with initial position y. For teT, the map
y+X,;:Q—- Q° defined by (y+X)(@)=y+X(t, ®) is called the position
measurement at time t. Notice that y+ X, corresponds to a classical random
variable. For e, the map y+X,:T— Q@ defined by (y+X,)(H)=
y+X(t, o) is called a path starting at y.

Let ¥:R® > R be a function which we view as a potential energy. For
t=keeT, we define the propagator Ky,,: Q* x Q- C by

k—1
Ky (y, 0)=f(o) I;Io [1—ieV(y+Xo(je))]

for k#0 and Ky (y, ®)=f(®). We interpret Ky, (y, ®) as the amplitude
that a particle under the influence of the potential ¥ moves along the path
y+X, during the time interval from O to 7. Notice that for V=0, the
free propagator Ko, becomes Ko (y, ®)=f(®). Let g:R*> - C be a function
which we view as the initial amplitude. We then define the ewvolution
Uv,g:Q’ - C by

(Ur,8)x)=Y {Kv(y, ©)g(»): ye@’, y+Xo(t)=x} (22)

y.0
Notice that there are only a finite number of terms in the summation (2.2),
since there are only finitely many starting points ye Q° that can reach x in
time ¢ along a path. We interpret (U, g)(x) as the amplitude that a particle

is at x at time ¢ when the initial amplitude is g. The function U}, g gives the
amplitude distribution of the measurement X,. Let §,: R* - C be defined by

1 if y=0
%oy)= {0 otherwise

We use the notation fy(x) = (Uy,80)(x). It follows from (2.2) that
JSox) =Y {f(@): Xo(t) =x}
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As is usual in quantum probability, we interpret R(t, x) =|(Uy,g2)(x)I
as the relative probability that a particle is at position x at time . Without
a further assumption on g, we cannot normalize R(x, f) to obtain an absolute
probability. However, if we assume that g has compact support, then R(t, x)
vanishes except for finitely many xe Q°. We can then define the probability
that a particle is at x at time ¢ as

“ R(¢, x)

P s =
=3 ke

We shall soon show that the evolution satisfies a discrete version of
Schrodinger’s equation. To see that this is reasonable, let us roughly consider
what happens when N — oo or £— 0. For simplicity, suppose g =8,. Assum-
ing V is continuous, for £ small we have

1 - ieV(X,(je)) ~exp[—ieV(X,(je))]

Hence,

k-1
Kv,(0, 0)% /(@) 1 expl—ieV(Xo(j2)]

k-1
= f(@) exp[‘i ) SV(Xw(js))]

j=0
~f(®) exp[—-i f’ V(X (1)) dr]
0
We then have
Sri(X)=Y, {f(a)) exp[—i f V(X (1)) dr]: Xo(?) =x}
o 0

1t follows that (2.2) is a discrete analog of the Feynman path integral.

Let e, e,, e; be the standard unit vectors in R* and let gr3=—g,
j=1,2,3, and ¢,=0. A point er3 then has the six nearest neighbors
x+(ag) %, j=1,...,6, and x=x+(ac)'%e,.

Theorem 2.1. The evolution U(¢, x) = (Uy,g)(x) satisfies the initial con-
dition U(0, x) =g(x) and the difference equation

U(t+e x)= Y all—isV(x—(ag)' 2e)]Ut, x—(ag)'%e,)

6
=0

r



Schrédinger and Dirac Quantum Random Walks

Proof. For the initial condition we have from (2.2) that

U0, x)=% f(0)g(x)=¢g(x)

To derive the difference equation, applying (2.2) gives
U(t+£,x)=Y, {Kvs+ oy, 0)8(): y€ Q°, y+ Xo(1 + £) = x}

6
=Y Y Koy, 0)8(p)

r=0 y,o0
where in addition to the condition
y+X(tte 0)=x
the o, satisfy
y+X(t,0)=x—(ag)'%,, r=0,...,6

If t=ke, we have

k
Ky s+ (¥, @0) = f'(@0) -=Ho [1-ieV(y+X(je, @0))]
k—1
= f(wo)[1 —ieV(x)] _=Ho [1-ieV(y+X(je, @0))]
=[1-ieV(x)]Kv,(y, ®)
For a fixed ye Q® we have by (2.1) that

Y Kvive(y; @) =[1=igV(x)] ¥ Kv.(y, @0)

@

=[1=igV(x)]ao Y {Kviy, ®): y+Xo()=x}

Hence,
| Y. Kves (> 00)g(y) =[1—igV(x)]ao U, X)
y.@0
In a similar way, for r=1,...,6, we have

Z Kyiio(y, 0)g()=[1—isV(x— (08)'/28,)]11,U(t, x— (08)1/28,)

Y:@r

and the result follows. M

1977

We say that the amplitude function f'is symmetric if a;=a;.3,j=1, 2, 3.
In the case of a symmetric f, the difference equation in Theorem 2.1 has a

special form.
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Corollary 2.2. If f is symmetric, then U(t, x) satisfies the equation

U(t+ ¢, x)— Ut x)
€

U(t, x+(ag)'%e,) + U(t, x—(ag)'%e,) — 2U(1, x)
’ ag

3
=a ) a,
r=1

—i f a.V(x—(ag)'%e)U(t, x— (ag)'%e,) (2.3)

r=0
Proof. Applying Theorem 2.1 gives
U(t+ ¢, x)

6
=Y a,U(t,x—(ac)'e,)
r=0

6
—ie ¥ a,V(x—(ag)’e)U(t, x—(ag)' e,
r=0

=(1 - i a,) U(t, x)+ 26; a,U(t, x— (ag)%e,)
1

r=1 r=

—ig i a,V(x—(ag) e, Ult, x—(ag)'e,)
r=0

= {(t, x)+ i a,[U(t, x—(ag)'%e,) — U(1, x)]

r=1

—ig §, a,V(x—(ag) e U(t, x— (a&)'e,)

r=0

=U(t, x)+ i 2, U, x+ (ag)'e,) + U(t, x—(ag)'%e,) — 2U(t, x)]

r=1

—ig i o, V(x—(ag) %) U(t, x— (ag)'e,)

r=0
and the resuit follows. B

That (2.3) is a discrete version of a generalized Schrddinger equation
may be seen as follows. Suppose ¥ is continuous and U has a twice differen-
tiable extension u: R x R* — C. The left side of (2.3) is the forward difference
and corresponds to du/dt. The terms in the first summation on the right side
of (2.3) are central differences and correspond to &u/(0x7)%. Since V is
continuous, letting £ — 0, each term in the second summation on the right
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side of (2.3) reduces to V(x)U(t, x). Hence, (2.3) corresponds to the partial
differential equation

ou_ 3 u

i Py ia El a, (6x')2+
If a,=i,r=1,2,3, ap=1—6i, then (2.4) reduces to Schrodinger’s equation.
There are many choices for the a, which result in Schrédinger’s equation.
However, they must have the form a,=ib, ay=1-6ib,r=1, 2, 3, b>0. Also
note that if ¢,=1/6, r=1, 2, 3, then we obtain a classical probability space
and if we replace V by —iV, we get the heat equation.

So far we have discussed the three-dimensional quantum random walk
X:TxQ- Q> It is also instructive to consider the corresponding one-
dimensional quantum random walk X,:TxQ— Q. In the next section, we
shall show that X", r=1, 2, 3, are stochastically dependent isomorphic copies
of X,. In the one-dimensional case, the sample space is given by ;=
{~1,0,1}7. We then define X,: Tx Q; - Q by

Vu (2.4)

k—1
Xike, 0)=(ae)"”* ¥ wo(je)
j=0
Let ao, @), a2€C and define f7:{—1,0,1} - C by f'(D=a,, f'(—-1)=e,,
(0 =ae=1—a,—a,. We then define the amplitude function f:Q —C as
before. We also define K,,: 0 X Q — C and Uy, g: 0 x Q- C in an analogous
fashion. If a;= a,, the difference equation (2.3) now becomes

U(t+ g, x)— U(t, x)

&
—aa, U(t, x+ (ag)'?) + U(t, x— (ag)'’®) —2U(t, x)
ae
—ia[V(x+(ag) ) U(t, x+ (ag)"*) + V(x— (ag) "> U(t, x—(ag)'/?)]
—iagV(x)U(x)

If a,=i/2 (or, more generally, @, =ib, b>0), this corresponds to the one-
dimensional Schrodinger equation.

3. PROPERTIES

If X and f are defined as in Section 2, we call (X, ) a Schridinger
random walk. In this section we shall not introduce a potential ¥, so we are
really considering the random motion of a free particle. We shall show that
(X, f) has many of the properties of a classical random walk except that
the usual probability measure is replaced by the amplitude measure
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f)=Y% _, f(@). Since a classical random walk is a discrete version of .
Brownian motion, this shows that the Schrodinger random walk may be
regarded as a discrete quantum Brownian motion.

For integers 0<s<t<N? the increment AjX:Q~ Q’ is defined as
A X=X,.—X,.. An increment has three components denoted by

(ALY =X~ X5,  r=1,2,3
Notice that
. t—1
(ALX)(@)=(ae)"* T {0°(je): o(je) #0, w'(je)=r}

j=3
For A< @, we use the notation |
S(AXed)=f({weQ: ALX(w)ed})=fI(A:X)'(4)]
It is clear that (X, f) is stationary. That is,
f(AiXed)= (AT "XeA)=[(X(-s:€4)
We next show that increments are amplitude independent. That is, if
S <H<H<h< - <s,<ty are integers and A, ..., 4, Q’, then
f(ArXeA,,...,ATXed,) =-ﬁl f(AiXed;)
. =

Theorem 3.1. The increments of X are amplitude indeﬁendent.

Proof. Let s;<t;<s;<t, and let &, j=1,2, r=1,2,3, be integers
satisfying

—(t;—s))<ki<4—s;
We then have
(AL X =(ag)'*(k}, 14, k), AZX = (ag) (k2 K3, K3))
=Y {f(0): wed], wed;,r=1,2,3}
where

A= {weﬂ: 'iil {0*(je): @'(je)=r} =k§}

J=si

1t follows from (2.1) that
Y {f(0): wed], wedr, r=1,2,3}
=Y {f(0): wedi, r=1,2,3} ¥ { f(0): weAd],r=1,2,3}
= (AL X = (@8)' (0, K, D) S (ALK = (a6) (b, KB, k)
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We have thus shown that for every a, be Q° we have

J(A5X=a,AiX=b)= (A3 X =a)f(A3X=b) (3.1
Now let 4,B<Q’ with A={ay,...,a,}, B={b,...,b,}. Applying

(3.1) and the additivity of the measure f gives
JXxed, A:;XeB)=f.( U@ix=a)nlJ (A;§X=bk))
b k :

=f( U@ix=a, A:3X=bk))
=Y f(ANX=a;, AiX=b)
Ik
=2 S(ALX =a)f (A5 X =b)
Js
=§l’f(A§}X =a;) %f(AiiX =bi)
=f(A XeA) (AL XeB)
We have thus proved the res;xlt for two increments. The proof for » incre-
ments is similar. W

We now find the amplitude distribution f,(x) of X, where teT, xe Q°,
and

fx)=fX=x)=F {f(@): X(0)=x}

For simplicity, we assume in the remainder of this section that fis symmetric
and a,=i/2, r=1,2,3, ap=1—3i. We have seen in Section 2 that such an
amplitude function results in a discrete version of Schrodinger’s equation.

We then have
= j_ ‘ [ & B i ’
fl@) (2) (-39 (2)

a=|{j: o(je) #0, 0’(je)=1}|
B=I{j: o(je)=0}|
y=I{j: @(j&) #0, ®’(je)=—1}|

where
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Let k, B be nonnegative integers and a = (a,, @z, @3), ¥ =(¥1, 72, ¥3)
be nonnegative integer triples. If

at+ft+y=a,+artazt+B+y +y,+yi=k

we use the following notation for the multinomial coefficient

R A o
a, B,y - a1, az,03, B, 71,72, 73/ atadaslBly!yllys!

We also use the notation .

N assp () () ammpe ()7
o orl)<G) el

It follows from the multinomial formula that

Y ( k )(i)a(1~3i)ﬁ(i)y=1 (3.2)
a+B+y=k a,ﬂ,Y 2 2 '

If j=(ji,)2,js)€Z’ and t=ke, then applying (3.2) gives
fee(@£) ’) =Y, { f(0): Xie @) =(a£)'%j}

- £V - ,,()
a+B§7%k (aa ﬂs '}') (2) (1 31) 2 (33)

a-y=j

In a similar way, the amplitude distribution f,(x) for the one-dimensional
Schrédinger random walk X is given by

- 12;\— k )(i)al s (L.)Yl
fke((”s) Jl) a|a+£§y__!:——k (al s ﬂ’ 14 2 (1 l) 2 (3.4)

We now show that the components X', r=1, 2, 3, of X are isomorphic
copies of X;. Let f}(x) be the amplitude distribution of X'. That is,

£1)=3 {f(@): X}(@)=x} =f(X!=x)
As in (3.3), we have

A\ AY
f"“((“g)l/zj‘),+,,§,=,,(a, ’; 7) (é) (1-3i)° (é) SEFA

a1~ 71=h
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where

S= 3 K (i')a' (i)"
‘ a|+r|sl_c[k_(al+7|)]!a|!}’1! 2 2

1= 71=n

_ k;_(al+7l) iﬂz i"s _ -p(i)h(i)h
> Z(az,as,ﬂ,h,yz)(Z) (2) (=39 2] \2

where the summation in S, is over a2, as, B, y2, ¥ satisfying

a2+a3+ﬂ+72+ }’3=k_(al+)’l)

and

It follows from the multinomial formula that
S, = (1 — i)k-(d|+71)

Hence, letting B'=k~(a,+ y;) gives

1 1/2;y — k )(i)“l _'ﬂ'(_l;)n
Sfre((ag) ) a,+p§£y.=k(a1,ﬁ',7’| 2 (1-9) 2

a—71=ji

This is the same as (3.4), so X' has the same amplitude distribution as X .
The same result holds for X* and X°.

We have shown that the components X" of X are one-dimensional
Schrodinger random walks. We now demonstrate the surprising result that
the X', r=1, 2, 3, are not amplitude independent. Indeed,

f1@e)'(1,1, D]=f(X :=(as)'?, Xi=(ag)"* X i=(ag)"*)=0

since otherwise we would have an weQ satisfying
o(0)=(,1)=2,D)=G,1

which is impossible. On the other hand,

[i(a8)'?) fU(ag)' ) fi(ag)'?)

A3 .
=f(XL=(as)‘”)f(Xi=(aa)"z)f(X2=(as)”’)=(§) =—2#0
Thus, in general, we have
FLCIEIHEDVHESTHES

Because of this, we cannot find the three-dimensional Schrédinger distribu-
tion using one-dimensional Schrodinger distributions.
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If Y:Q - C, we define the amplitude expectation of Y by
E(Y)=} Y(o)f(w)

If Y has the values yi, ..., y,, it follows that
E(Y)=Y 3 /(Y=y)) (3.5)

Let F, G: Q%> - C and let 0 <5, <t, <5, <t, < N? be integers. Since A’ X and
AZX are amplitude independent, it follows as in classical probability theory
that ‘

E[F(A3 X )G(AZX)] = E[F(AG X)IE[G(A3.X)]
For teT, we define the amplitude éharacteristic function ®,: R - C by
Oy)=E(e”™)=E[exp i(»1 X: +y: X +y:X7)]

The next result derives an explicit expression for ®,( y) and uses this expres-
sion to find another form for f,(x).

Theorem 3.2. (a) The amplitude characteristic function is given by
: B 3
B (y)= [(1 —3i)+i Y cos y,(as)”z]
=1
(b) The amplitude distribution has the form
, ag)'”? ’ . ,
feel(ag)')= ((—2%—) Ou(y) expl=iae) 7y - ] &y

where the integrals have limits ~7/(ag)'/* and 7 /(ag)"/.

Proof. (a) Applying independence and stationarity of increments, we
have

Dico(y) = Elexp(iy - Xie)]
=E{exp iy  [(X;—Xo)+(X2e—X )+ -+ (st—X(I;— na)l}
=FE(expiy- Xcexpiy- A2X - - expiy - A-1neX)
=E(exp iy - X,)E(exp iy - A¥X) - - - E(exp iy - Af-1eX)
G LI S)
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Now

E(expiy- X;)=) [exp iy - X(0)]f(@)

=(I—3i)+é. Y exp[iy,(as)'/2]+§ i

r=1 r=1

exp|[—iy.(a€)'?]

=(1-3)+i i cos y,(ag)"?

r=1 .

and the result follows.
(b) Applying (3.5), we have for t=ke

0= 3, {expliae)"y - 1} fi(@e)")

reZ

which is a finite Fourier series. Taking the inverse transform gives the
result. W

It is instructive to see what happens to the results of Theorem 3.2 when
&£—0. In this case we have

iaslyl?\
: (Dt( J’) ~ (1 - ———2!——) ~ (e—iae:liyllzlz)k — e—-imu,;nl/z

Except for the factor i, this is the same as the characteristic function for
Brownian motion. Moreover, for k #0, we have

Seel(ag)' %))
(ag)'? ’ 1. 2 . /2., . 17 .03,
() ||| exp(=tiakely) expl-icas) 7y - j1 4%

1723 a2
=((ae) ) (explﬂjll )
2n 2k

acgk 72 J 2
xj‘f expl:—i‘ <7> y+——~—(2k)l/2 ]dsy

where the integrals have limits —z/(a¢)'/? and 7/(a€)'/> Letting

172 .
2) 7T a7
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gives
f]lcg((GS)l/zj) =_____1____ei||f|lz/2k e—,'“z||2 d3z
”3 (2k)3/2 .

where the integrals have limits —n(k/2)"?+j,/(2k)'”* and n(k/2)'*+j,/
k)2, r=1,2,3.

4. DIRAC RANDOM WALKS

Let C, be the complex Clifford algebra with identity 1 and generators y*,
p=0,1,2,3,satisfying (y°)*>=1, (y/)*=—1,j=1,2,3, and y*y* +y"y* =1,
u #v. Denoting the 2 x 2 identity matrix by 7, we can represent C, as a
Clifford algebra of 4 x 4 matrices in which

=7 0] o [T 0] ,._[0 af] 123
o1f "Tlo -if TTl-e/ 0of T

where ¢”, j=1, 2, 3, are the Pauli matrices

0 1 0 -i 1 0
1 2_ 3_
? [1 0]’ ’ [,- 0]’ ’ [0 —1]

However, our work will not depend on a particular representation. If g is a
four-vector, we use the notation ¢ = y*a, , where the summation convention

is employed. If
o= (_Q b 8 _"’_)
o’ ox' ox*’ ox*

then Dirac’s equation has the form
(ig— Al(t, x) —ml)y(t, x) =0

where A(t, x) is the charge times the four-potential, m is the mass, and
v:R' = C,.
As in Section 2, we let £=1/N and define the discrete timeline

T={0, ¢,2¢,..., N}

The discrete space lattice is now defined as Q° = £Z°. The sample space Q=
ST is the same as in Section 2. For r=1, 2, 3, we now define X": Tx Q- Q°
by

X'(ks, w)=¢ kf {@%(je): o(je) #£0, o' (je)=r}

j=0
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if k#0 and X’(0, ®)=0. Finally, we define the random walk X: TxQ - Q*
by

X(t, 0)=(X'(t, 0), X*(t, @), X*(¢, @))

Besides the change in the definition of Q* and X, the main difference
between the Dirac and Schrédinger random walks is that we now define the
amplitude f as a C;-valued function. Let aq, . .., ase C, satisfy Z;=o a;=1
and define f':S—~ C4 by f(0)=ao, f((J, 1)) =a;, ((J, ~D)=a;+3, j=
1,2, 3. As in Section 2, we define the amplitude function f:Q — C, by

f(@)=[ToN*1f To(N*-1)e)] - - - Sa(£)]f [0(0)]

It again follows by induction that for any distinct r,¢, . .., r.6eT we have

YSlone)] - flo@e]=1 4.1

Corresponding to the four-potential A(t, x) and teT, ye Q°, weQ, we
define the C, element

V(t, y+ X () =1—iey’[4 (¢, y+ X (1)) +ml]
For teT, define the propagator Ky,: Q* x Q — C; as follows:
Kv Ay, ®)=[f[o(N*€)] - - flo(t—e))V[t—& y+Xo(t—¢)]
X flo(t=2e)V[t—2¢ y+Xo(t—2¢8)] - - - fl@(0)]V(0, y)

for k#0 and Ky o( y, ®) =f(o). Let g: R* - C, be a function which we regard
as the initial amplitude. The evolution Uy,g:Q* — Cy is defined by

(U, 2)x) =Y {Kv(y, 0)g(y): ye @°, y + X (0) = x}
As in Section 2, we define the vectors ¢;eR, j=0,...,6.

Theorem 4.1. The evolution ¥ (¢, x) = (Uy,g)(x) satisfies the initial con-
dition W(0, x) =g(x) and the difference equation

6
Y(t+e& x)=3 aV(t, x—ce)¥(t, x— ge,)

r=0

Proof. For the initial condition we have from (4.1) that

Y(0, x) =}, f(@)g(x)=g(x)
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To derive the difference equation, we have

6
Y(+e,x)=Y T Kvoly, 0)g(y)

r=0 y.o,

where the o, satisfy the conditions stated in the proof of Theorem 2.1. If
t+¢eeT, we have

KV,t+ s( Vs wo)

=f1oo(N?8)] - - * flooDIV(1, x) [ Two(t- &)]
X V[t— &, y+Xmo(t— 8)] e f'(Q)O) V(Oa _}')

For a fixed ye Q°, we have by (4.1) that

Z Ky, ¥, @)

L]

=ao¥(t, %) L, [oo(t= &)Vt — &,y + Xa(t~ 8)] - - [(@0) V(0, y)

@

=aoV(t,x) ¥ {Kvdy, ©): y+Xo(1) = x}

Hence,

Y Kver (3, @0)g(y) = aoV (1, x)¥(t, x)

y.a0

In a similar way, for r=1,..., 6, we have

Y Ky (3, @)g(¥)=a,V(t, x— €e,)¥(t, x — ge,)

Yy
and the result follows. W

Corollary 4.2. (1, x) satisfies the equation

Y(t+ ¢, x) —-‘f(t, »)

€
= i ar[‘l’(t, x—ge,)—¥(¢, x)]+ i - [‘I’(t, x+ge,) —Y(t, x)]
r=1 3 r=1 &
—i i a,y°[A(t, x— ge,) +m1]¥(t, x — ge,) (4.2)

r=0
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Proof. Applying Theorem 4.1 gives

Y(t+¢, x)
=qo[1 —igy’(L(t, x) + mD¥(s, x)

+ i a[1—iey’(4(t, x— ge)) + mD)|¥(t, x— ¢e,)

r=1

=<1 - i a,) (e, x)+ ‘Z a, ¥t x~¢ce,)

r=1 r=1

6 .
—ie Y a,7[4(t, x— ge) +mlly(t, x— ¢e,)

r=0
and the result follows. W

That (4.2) is a discrete version of a generalized Dirac equation may be
seen as follows. Suppose A(t, x) is continuous and ¥ has a differentiable
extension y:R* - C,. Letting > 0, we conclude that (4.2) corresponds to
the partial differential equation

— iy 41, x) +ml]y 4.3)

) 3 0
Y Y (arss—ay) W,
[ S— ox

Multiplying both sides of (4.3) by iy° gives

[i(y°§+ ; Y@= @y e) —a—r)'—,;f(z, x)—-ml] v, x)=0 (4.4)
{ A—— ox ‘

Now (4.4) reduces to Dirac’s equation if and only if
?’o(ar_ar+3)=7’r, r= 1’ 2: 3 (45)
There are many Ways to realize (4.5). Three of the simplest are the following:

a,=y%", r=1,2,3, a,=0, r=4,5,6
a,=—7", r=4,5,6, a,=0, r=1,2,3

r

a,=%7°y’, r=1,2,3, a,=—%y°y, r=4,56
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A realization of (4.5) that becomes especially simple in the matrix representa-
. tion is given by
a,=3(y°-1y, r=1,23

4.6
=37 (°-1), r=4,56 “6)

In the matrix representation, (4.6) becomes

o 0

0 o0

If X and fare given as in this section, we call (X, /') a Dirac random walk.
As in Section 3, this corresponds to a free (and in this case) massless particle.
We now briefly summarize the properties of (X, /). Using arguments similar
to those in Section 3, it can be shown that (X, /') is stationary with ampli-
tude-independent increments. As in Section 3, we define the amplitude expec-
tation E and the amplitude characteristic function ¥,(»). In the next theorem
we use the following notation. For yeR® we let

eisy= ( er‘sy‘, eisyz’ eiay3)
We denote (1, 1, 1)eR® by 1 and o stands for (¢, 6%, 6°). The proof of the

next theorem is similar to that of Theorem 3.2.

Theorem 4.3. Suppose the a, are given by (4.6). (a) The amplitude
characteristic function is given by '

I (1-e?)- a]k

Peely )=[(e"€y— ) o I

(b) The amplitude distribution has the form

3
Jree(8)) =(2i) ”I ®r(y) e/ d’y
/4

where the integrals have limits —z/¢ and #/¢.
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